Abstract. Let Φ ⊂ Z n be one of the root systems A n−1 , Bn, Cn and Dn and write Φ (+) for the set of positive roots of Φ together with the origin of R n . 
] for the affine semigroup ring which is generated by those monomials t a s with a ∈ Φ (+) , where t a = t 
Introduction
A configuration in R n is a finite set A ⊂ Z n . Before discussing the details of the present paper, we recall fundamental material on initial ideals of toric ideals. Let M (K[A] ) denote the set of monomials belonging
The initial monomial in < (f ) of 0 = f ∈ I A with respect to < is the biggest monomial appearing in f with respect to <. The initial ideal of I A with respect to < is the ideal in < (I A ) of K[A] generated by all initial monomials in < (f ) with 0 = f ∈ I A . One of the most fundamental facts on the initial ideal in
is generated by quadratic (resp. squarefree) monomials. Let, in general, G be a finite subset of I A and write in < (G) for the ideal (in < (g) ; g ∈ G) of K [A] . A finite set G of I A is said to be a Gröbner basis of I A with respect to < if in < (G) = in < (I A ). Dickson's Lemma [4, p. 69] , which says that any nonempty subset of
) has only finitely many minimal elements in the partial order by divisibility, guarantees that a Gröbner basis of I A with respect to < always exists. Moreover, if G is a Gröbner basis of I A , then I A is generated by G.
Even though the following fact (0.1) on Gröbner bases is simple and well-known (e.g., [ 
Consult, e.g., [4] and [5] for detailed information about Gröbner bases and related topics on commutative algebra, algebraic geometry and combinatorics.
Let Φ ⊂ Z n be one of the classical irreducible root systems A n−1 , B n , C n and D n ([8, pp. 64 -65]) and write Φ (+) for the configuration consisting of the origin of R n together with all positive roots of Φ. More explicitly,
Here e i is the ith unit coordinate vector of R n and O is the origin of R n . In the study of combinatorics of hypergeometric functions associated with root systems, Gelfand, Graev and Postnikov [7] discovered a squarefree quadratic initial ideal of the toric ideal of the configuration A
, s] generated by s together with the
is the kernel of the surjective homomorphism π : License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
) is generated by the squarefree quadratic monomials f i,k f j, with i < j < k < and n . In our Appendix we briefly discuss the combinatorial and algebraic significance of the existence of squarefree quadratic initial ideals of toric ideals.
We conclude by remarking that the role of the origin of R n is essential in our discussions. In fact, the toric ideal of the configuration consisting of all positive roots of the root system Φ ⊂ Z n , where Φ is one of the root systems A n−1 , B n , C n and D n , is not generated by quadratic binomials if n ≥ 6.
The root system B n
First of all, the existence of a reverse lexicographic squarefree quadratic initial ideal of the toric ideal of the configuration B (+) n will be proved. Let
be the polynomial ring in n 2 + 1 variables over K. The affine semigroup ring
The toric ideal I B (+) n is the kernel of the surjective homomorphism π :
We now introduce the reverse lexicographic order
n ] induced by the ordering of the variables
< · · · < e n−2,n < e n−2,n−1 < e n−1,n < x.
To simplify the notation below, we understand e j,i = e i,j in case of i < j. 
Theorem 1.1. Under the above conditions, the set of the binomials
. To see why the finite set G is a Gröbner basis of I B (+) n , we rely on the technique (0.1), and our work is to show that
where
In what follows, it will be proved that if π(u) = π(u ), then at least one variable of
n ] appears in both u and u . To begin with, the equalities α = α , r = r , p = p and q = q will be proved. (Case I) Let α = α = 0 and q = q > 0. We will prove f iq,jq
Hence, for each 1 ≤ ξ ≤ p, one has either a ξ = i q or b ξ = i q . Thus the total number of the variable t iq appearing in π(u) is at least p + 1. However, since k µ = i q for no 1 ≤ µ ≤ r, the total number of the variable t iq appearing in π(u ) is at most p, a contradiction.
(ii) Let i q ≤ a 1 . If either r = r = 0 or r = r > 0 with k r < i q , then the total number of variables t δ with δ ≥ i q appearing in π(u) (resp. π(u )) is at least 2p + 1 (resp. at most 2p).
If r = r > 0 with (
Hence the total number of variables t δ with k r = δ ≥ i q appearing in π(u ) is at most p.
This completes the proof of 
Hence the total number of variables t δ with δ ≥ a p appearing in π(u) (resp. π(u )) is at least p+1 (resp. at most p), a contradiction.
2. The root system C n Second, the existence of a reverse lexicographic squarefree quadratic initial ideal of the toric ideal of the configuration C (+) n will be proved. Let
n ] is the subalgebra of K[t, t −1 , s] generated by the n 2 + 1 monomials
The toric ideal I C (+) n is the kernel of the surjective homomorphism π :
< e 1,n < e 1,n−1 < · · · < e 1,2 < e 1,1 < e 2,n < e 2,n−1 < · · · < e 2,3 < e 2,2 < · · · < e n−2,n < e n−2,n−1 < e n−2,n−2 < e n−1,n < e n−1,n−1 < e n,n .
To simplify the notation below, we understand e j,i = e i,j in case of i < j. . Our proof will proceed along the proof of Theorem 1.1, and the goal is to show that
Theorem 2.1. The set of the binomials
, where
In what follows, it will be proved that if π(u) = π(u ), then at least one variable of K[C (+) n ] appears in both u and u . Since
, there is no a ξ with a ξ < i q . Hence the total number of variables t δ with δ ≥ i q appearing in π(u) (resp. π(u )) is at least 2p + 1 (resp. at most 2p), a contradiction.
(Case II) Let α = α = 0 and q = q = 0. A slight modification of Case III in the proof of Theorem 1.1 is valid. Let a p < a p .
Hence the total number of variables t δ with δ ≥ a p appearing in π(u) (resp. π(u )) is at least p + 1 (resp. at most p), a contradiction.
Hence the total number of variables t δ with δ ≥ b p appearing in π(u) (resp. π(u )) is at least p (resp. at most p − 1), a contradiction. Thus b p = b p , as required.
The root system D n
Finally, the existence of a reverse lexicographic squarefree quadratic initial ideal of the toric ideal of the configuration D (+) n will be proved. Let
be the polynomial ring in n 2 − n + 1 variables over K. The affine semigroup ring
The toric ideal I D (+) n is the kernel of the surjective homomorphism π :
< · · · < f n−2,n < f n−2,n−1 < f n−1,n < e 1,n < e 1,n−1 < · · · < e 1,2 < e 2,n < e 2,n−1 < · · · < e 2, 3 < · · · < e n−2,n < e n−2,n−1 < e n−1,n < x. n ) is computed in Fong [6] .
Theorem 3.1. The set of the binomials
e i,j e k, − e i, e j,k , i < j < k < , e i,k e j, − e i, e j,k , i < j < k < , f i,k f j, − f i, f j,k , i < j < k < , f i,j f j,k − xf i,k , i<j <k, e i,j f k, − f i, e j,k , i < j < k < , e i,k f j, − f i, e j,k , i < j < k < , e i, f j,k − f i,k e j, , i < j < k < , f i,k e j,k − f i,n e j,n i ≤ j < k < n, e i,k f j,k − f i,n e j,n i < j < k ≤ n,
